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Graphs Are Fundamental Abstractions
• Graphs model relationships between elements of a data set
• Without regard to what the data set actually is
• Graph theoretical (abstract) results can be applied to many different 

practical (concrete) problems – theory reuse
• Goes hand-in-glove with goals of generic software libraries



Graphs Are Ubiquitous

You almost surely used graph algorithms today

It is critical to have reusable software libraries to realize the reusable theories



Basic Principles
• The C++ standard library (nee STL) provides a rich set of “one-

dimensional” algorithms and data structures (but not graphs)
• And standardized mechanisms for defining the type requirements 

that form the interfaces to generic algorithms (codified as concepts)
• Our claim: The standard library already provides sufficient capability 

to support generic graph algorithms and data structures
• Generic graph algorithms can be defined with range of ranges as the 

type requirement on input (graph) types
• Compositions of standard library containers meet these requirements
• Other graph structures can provide the required interface (just as a 

third-party container can provide a library-compliant interface)



Desiderata for a Graph Library
• Graphs are not for storing data, but rather for efficient algorithmic 

traversal of structure implied by relationships among (and of) data
• Embrace modern C++ idioms (programming practice plus, e.g., 

concepts, ranges, CPOs)
• Embrace modern C++ standard library
• Embrace scale of real world graphs (billions of vertices / edges)
• Prefer elegance and usability over expert-friendliness
• Genericity: Abstract from concrete, efficient algorithms to obtain 

generic algorithms that can be combined with different data 
representations to produce a wide variety of useful software (Musser 
and Stepanov)



Overview
• Introduction and Overview
• Review of Generic Programming and Graph Terminology
• Requirements Analysis: Algorithms, Types, and Concepts
• Graph Adaptors
• Concrete Data Structures
• (Extended Example: Six Degrees of Kevin Bacon)
• Towards Standardization
• Lessons Learned



Generic Programming and Generic Libraries
• Generic programming is a sub-discipline of computer 

science that deals with finding abstract representations 
of efficient algorithms, data structures, and other 
software concepts, and with their systematic 
organization. 
• The goal of generic programming is to express 

algorithms and data structures in a broadly adaptable, 
interoperable form that allows their direct use in 
software construction. 

[M. Jazayeri, R. Loos, D. Musser, and A. Stepanov, 1998] 



Generic Programming Methodology
1. Study the concrete implementations of an 

algorithm
2. Lift away unnecessary requirements to 

produce a more abstract algorithm
a) Catalog these requirements
b) Bundle requirements into concepts

3. Repeat the lifting process until we have 
obtained a generic algorithm that:

a) Captures the essence of the “higher truth” of 
that algorithm

b) Instantiates to efficient concrete 
implementations



STL ArchitectureFive of the Six Major STL Component Categories (Concepts)
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Lifting Summation
<latexit sha1_base64="ukGBtzvDD3b4fp5Xs9gu7VOevNk="></latexit>

int sum(int* array, int n) {
int s = 0;
for (int i = 0; i < n; ++i)
s = s + array[i];

return s;
}

<latexit sha1_base64="syhXrUeWJNK84kBhwPe6cb7oBB0="></latexit>

float sum(float* array, int n) {
float s = 0;
for (int i = 0; i < n; ++i)
s = s + array[i];

return s;
}

Sum of an array 
of integers

Sum of an array 
of floats

Sum of an array 
of integers



Sum of an array 
of T

(requires: T + T)

Lifting Summation
<latexit sha1_base64="DvW/NzY5wFkdyHmipDghxzEXuTk="></latexit>

template<typename T>
T sum(T* array, int n) {

T s = 0;
for (int i = 0; i < n; ++i)
s = s + array[i];

return s;
}

<latexit sha1_base64="f2spTd+/8WsccigDtJvxHUih19M="></latexit>

double sum(node* first, node* last) {
double s = 0;
while (first != last) {
s = s + first->data;
first = first->next;

}
return s;

}

Sum of an array 
of integers

Sum of an array 
of floats

Sum of an array 
of T

(requires: T + T)

Sum of an array 
of integers

Sum of an array 
of floats

Sum of a list of 
floats



Sum of a range of T
(requires: iterator 

range, T + T)

Lifting Summation
<latexit sha1_base64="TrWB+l1GvP9FPkfwRV+tGhpw/vQ="></latexit>

template <class InputIterator>
value_type sum(InputIterator first,

InputIterator last) {
value_type s = 0;
while (first != last)
s = s + *first++;

return s;
}

Sum of an array 
of integers

Sum of an array 
of floats

Sum of a list of 
floats

Sum of an array 
of T

(requires: T + T)



Lifting Summation
<latexit sha1_base64="zmxa3R3SMIZAh2UsFu6m0hja5go="></latexit>

float product(node* first, node* last) {
float s = 1;
while (first != last) {
s = s * first->data;
first = first->next; }

return s;
}

Sum of an array 
of integers

Sum of an array 
of floats

Sum of a list of 
floats

Sum of an array 
of T

(requires: T + T)

Sum of a range of T
(requires: iterator 

range, T + T)

Product of a list 
of integers



Accumulate a range of T
(requires: iterator range, 

op(T + T))

Generic Accumulate

• Generic form captures all accumulation:
• Any kind of data (int, float, string)
• Any kind of sequence (array, list, file, network)
• Any operation (add, multiply, concatenate)

• Instantiates to efficient, concrete 
implementations 

<latexit sha1_base64="85nOhRNQtjW6vmK31XzpMj700IU="></latexit>

template <InputIterator Iter, class T, class Op>

T accumulate(Iter first, Iter last, T s, Op op) {

while (first != last)

s = op(s, *first++);

return s;

}

Sum of an array 
of integers

Sum of an array 
of floats

Sum of a list of 
floats

Product of a list 
of integers

Sum of an array 
of T

(requires: T + T)

Sum of a range of T
(requires: iterator 

range, T + T)



Lifting and Specialization
• Specialization is dual to lifting
• Synthesizes efficient code for 

a particular use of a generic 
algorithm:

• … generates the same code 
as our initial sum function for 
integer arrays.

<latexit sha1_base64="G/L+R0NvBzETsaoHcTzqLtaRKrc="></latexit>

int array[20];
accumulate(array, array + 20,

0, std::plus<int>());



Let’s Apply the Generic Programming Process to 
Graphs



Graphs, Data, Properties, and Property Graphs

This is what is 
important
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<latexit sha1_base64="EON3G69EGUfTTC4n+d43qCzbRD0="></latexit>

G = {V,E}
V = {GND,Vdd, n0, n1, n2,Vout}
E = {(n0, n1), (Vdd,GND),

(n0,Vdd), (n2,Vdd),
(GND, n2), (n2,Vout),
(GND, n0), (n2, n1)}
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<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>

V
<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>

E



Graphs, Data, Properties, and Property Graphs

This is what is 
important
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V = {GND,Vdd, n0, n1, n2,Vout}
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Traversal
<latexit sha1_base64="Pvve/lV685mSokOnPgERGf+J4+k="></latexit>

• Traversal is a fundamental operation in graph algorithms

• Given a vertex u, find all the neighbors of u (all vertices v s.t. (u, v) 2 E,
i.e., s.t. edge (u, v) is in the graph)

• Then for each neighbor, find its neighbors (and so on)
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<latexit sha1_base64="mCV7mkh58HpERHkOIH5Gad9mWH0="></latexit>

G = {V,E}
V = {0,Vdd, n0, n1, n2,Vout}
E = {(n0, n1), (Vdd, 0),

(n0,Vdd), (n2,Vdd),
(0, n2), (n2,Vout),
(0, n0), (n2, n1)}



Adjacency “List”
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<latexit sha1_base64="qLLdjOMwM6xkTIaskJQxnOP273M="></latexit>

G = {V,E}
V = {0, 1, 2, 3, 4, 5}
E = {(1, 3), (2, 0),

(1, 2), (5, 2),
(0, 5), (5, 4),
(0, 1), (5, 3)}

Iterable, not 
necessarily a 

linked list
Constant 

time lookup

Edges w/ 
neighbors of 5

<latexit sha1_base64="zwP/Wk8CTOYpTy3IuKeaskSxkfM="></latexit>

• An adjacency list Adj(G) is an array of size |V |
• Each entry Adj(G)[u] contains all vertices v for which (u, v) is in E

• Implication: Vertices are indexes 0, 1, . . . |V |� 1

• Implication: If (u, v) = (v, u) then v 2 Adj(G)[u] and u 2 Adj(G)[v]



Index Graphs
• Did you notice the sleight of hand?

<latexit sha1_base64="mCV7mkh58HpERHkOIH5Gad9mWH0="></latexit>

G = {V,E}
V = {0,Vdd, n0, n1, n2,Vout}
E = {(n0, n1), (Vdd, 0),

(n0,Vdd), (n2,Vdd),
(0, n2), (n2,Vout),
(0, n0), (n2, n1)}

<latexit sha1_base64="gPU3Yy9N1qe//mUndk0VUn8bSH8="></latexit>

G′ = {V ′, E′}
V ′ = {0, 1, 2, 3, 4, 5}
E′ = {(1, 3), (2, 0),

(1, 2), (5, 2),
(0, 5), (5, 4),
(0, 1), (5, 3)}
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Principle: Graphs Represent Structure
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<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>
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<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>
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Adjacency-List Algorithms: Breadth-First Search
• Systematically explores graph from starting vertex s
• Find all vertices reachable on an edge from s (level 1)
• Find all unvisited vertices reachable on an edge from those
• Etc
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<latexit sha1_base64="YA2pQL11DM4ZKI0I3mW+qCyCidc="></latexit>

r?BH2 U5 /QM2V &
m 4 pBbBi2/ p2`i2t &

7Q` p BM M2B;?#Q`bUmV &
B7 Up MQi b22MV &

pBbBi pc
'

'
'



Adjacency-List Algorithms
<latexit sha1_base64="QEubtO/nMYJiGJzEWBpH+UBboAM="></latexit>

"6a(G, s)

R 7Q` 2�+? p2`i2t u 2 V (G)
k color[u] r?Bi2
j color[s] ;`�v
9 Q ?
8 1M[m2m2(Q, s)
e r?BH2 Q 6= ?
d u .2[m2m2(Q)
3 7Q` 2�+? v 2 Adj(G)[u]
N B7 color[v] = r?Bi2

Ry color[v] ;`�v
RR 1M[m2m2(Q, v)
Rk color[u] #H�+F

Enumerate 
vertices

Vertices can 
random access 
into containers

Enumerate 
neighbor vertices

“Vertex 
properties”

cf: CLRS

<latexit sha1_base64="t249PDhrGkneCu6oIRGQgZ1EpAo=">AAABq3icZU/LSgMxFL2pr1pfo4IbXYQWoUVbZkR0WxXRZUX7wM5QMmlaYzMPkkxFSj/CL/AbXLnVz/BvjNMu1B64cDgPONePBVfatr9QZm5+YXEpu5xbWV1b37A2txoqSiRldRqJSLZ8opjgIatrrgVrxZKRwBes6Q8ufvzmkEnFo/BOP8fMC0g/5D1OiTZSxzoYYpeH+Kz7WLwqtRMPu5L3HzSRMnrCxeQQD0tp4NLYHatgV+wUeJY4U1Ko5iHzuvO2V+tY3O1GNAlYqKkgSrUdO9beiEjNqWDjnJsoFhM6IH3WNjQkAVPeKH1qjPeN0sW9SJoLNU7V342RSAJVNn5A9Dhntjn/l8ySxlHFOakc35iR5zBBFnYhD0Vw4BSqcA01qAOFF3iHD/hEZXSL7pE7iWbQtLMNf4DYN4flczc=</latexit>

v ∈ Adj(G)[u] → (u, v) ∈ E(G)



Minimalist Approach: Index Adjacency Graph
<latexit sha1_base64="mq5LP97NODZJ00nxj4FlE3VTjoY="></latexit>

i2KTH�i2 I+H�bb :`�T?=
�miQ #7bU+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2V &

mbBM; p2`i2tnB/nivT2 4 p2`i2tnB/niI:`�T?=c

bi/,,p2+iQ`I*PGP_= +QHQ`UbBx2U;`�T?VVc
7Q` Up2`i2tnB/nivT2 m 4 yc m I bBx2U;`�T?Vc YYmV &

+QHQ`(m) 4 q>Ah1c
'
+QHQ`(bQm`+2) 4 :_1uc

bi/,,[m2m2Ip2`i2tnB/nivT2= Zc
ZXTmb?UbQm`+2Vc

r?BH2 U5ZX2KTivUVV &
�miQ m 4 ZX7`QMiUVc
ZXTQTUVc
7Q` U�miQ�� p , ;`�T?(m)V & ff M2B;?#Q` p2`i2t

B7 U+QHQ`(p) 44 q>Ah1V &
+QHQ`(p) 44 :_1uc
ZXTmb?UpVc

'
'
+QHQ`(m) 4 "G�*Ec

'
'

Enumerate 
vertices

Vertices can index 
into random 

access containers

Enumerate 
neighbor vertices



Requirements: Basic BFS algorithms
<latexit sha1_base64="rkUrFSkGqDu+yFEDYEGVlCe99E4="></latexit>

• The graph : is a random access range, meaning it can be indexed into
with an object (of its difference type) and it has a size.

• The value type of : (the inner range of :) is a forward range, meaning it
is something that can be iterated over and have values extracted.

• The value type of the inner range is something that can be used to index
into : — :(m) is a valid expression (returning the inner range).

• All elements stored in : must be able to correctly index into it, meaning
their value are between 0 and bBx2U:V@R, inclusive.



Adjacency-List Algorithms II: Dijkstra's Algorithm
• Solves single-source shortest-paths problem on a weighted, directed 

or undirected graph
• All edge weights must be non-negative
• Iteratively grows a set of vertices to which it knows the shortest path
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<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

1
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1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>
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<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>
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<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>

0

5
7

9

8

5

2
8

1

2

12
3

10

1
<latexit sha1_base64="npTQp1sHija/8Q8JCcxlqZ5kVKA=">AAAByXicbY/LTsJAFIZP8Yb1hrp000hMXBjS6kI3RKIbEzeYyCUBQqbTKYxMZ+rMqbEQEhNfwK0+hK/hM/g2FmEj+K++nO8/i9+PBTfout9Wbml5ZXUtv25vbG5t7xR29+pGJZqyGlVC6aZPDBNcshpyFKwZa0YiX7CGP7ie+MYT04YreY9pzDoR6UkeckowO9XbXIaYdgtFt+T+xlkEbwbFyy+7/AIA1W7hsx0omkRMIhXEmBbywfDEVzpgunwWRZ2RQSIDIpRkY7udGBYTOiA9NiKRMWnkj52jiGDfzLvJ8T/XSjC86Iy4jBNkkmaVzIWJcFA5k1lOwDWjKNIMCNUcOXVon2hCMRtvZwO9+TmLUD8teRnfucXKFUyThwM4hGPw4BwqcANVqAGFB3iDd/iwbq1H69kaTqs5a/azD39ivf4AduaCwQ==</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="PgXtgwKY6+OOysz9kzlafVOTNC8=">AAAByXicbY+7TgJBFIbP4g3XG2pps5GYWBiyq4U2RKKNiQ0mckmAkNnZWRiZnVlnzhoXQuUL2Gpr72v4CMa3cREa0b/6cr7/FL8fC27Qdb+s3MLi0vJKftVeW9/Y3Cps79SNSjRlNaqE0k2fGCa4ZDXkKFgz1oxEvmANf3A58Y0Hpg1X8hbTmHUi0pM85JRgdqq3uQwx7RaKbsn9ifMXvBkUzz/scvz2aVe7hfd2oGgSMYlUEGNayAfDI1/pgOnySRR1RgaJDIhQko3tdmJYTOiA9NiIRMakkT92DiKCfTPvJsf/XCvB8Kwz4jJOkEmaVTIXJsJB5UxmOQHXjKJIMyBUc+TUoX2iCcVsvJ0N9Obn/IX6ccnL+MYtVi5gmjzswT4cggenUIErqEINKNzBM7zAq3Vt3VuP1nBazVmzn134FevpGzQlhDU=</latexit><latexit sha1_base64="fsJPgmWGD8uaQK5JCPwjzBQTaXk=">AAAByXicbY+7TgJBFIbP4g3xhlrabCQmFobsSqGNCdHGxAYTuSRAyOzsLIzMZZ05a1wIlS9gqw/h+/g2LrqN4F99Of9/ii+IBbfoeV9OYWV1bX2juFna2t7Z3SvvH7SsTgxlTaqFNp2AWCa4Yk3kKFgnNozIQLB2ML6Z9+1nZizX6gHTmPUlGSoecUowO7V6XEWYDsoVr+r9xF0GP4cK5GkMyp+9UNNEMoVUEGu7yMeTs0CbkJmrmpT9qUWiQiK0YrNSL7EsJnRMhmxKpLWpDGbuiSQ4sovd/Phf100wuuxPuYoTZIpmk6yLEuGidudabsgNoyjSDAg1HDl16YgYQjGTL2WC/qLOMrTOq37G916lfp2rFuEIjuEUfLiAOtxCA5pA4RHe4B0+nDvnyXlxJr/TgpP/HMKfOK/fSIKA9A==</latexit>
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d[v] = min(w(u, v) + d[u], d[v])
<latexit sha1_base64="/I2pldg3GR/zJX+k0Kqj2DIYiJA=">AAAB5nicbZC7TgJBFIbP4g3xhlrajBATCIQsWmhDQrSxxETAZNmQ2dkBJszMbmZmMUio7eyMLS+gpT6Lb+Ou0Aj+1ZfznVP8xws508a2v63U2vrG5lZ6O7Ozu7d/kD08aukgUoQ2ScAD9eBhTTmTtGmY4fQhVBQLj9O2N7xJfHtElWaBvDfjkLoC9yXrMYJNPOpmT31n5KIa6ggmUeGxEJVHRVRCvhO5ZZS4Yjebtyv2b9AqVBeQr+c6pRkANLrZj44fkEhQaQjHWjuGDZ/KXqB8qmoXQrgTbbD0MQ8knWY6kaYhJkPcpxMstB4Lb4rOBDYDveyS4X/OiUzvyp0wGUaGShKvxK4XcWQClHRGPlOUGD6OARPFDCOIDLDCxMSfycQFq8t1VqF1XqnGfBc3vYZ50nACOShAFS6hDrfQgCYQeIZ3+IQva2C9WK/W23w1ZS1ujuFPrNkPKnWLDw==</latexit><latexit sha1_base64="epMoiE7K9Ei1zMs+tQ1LOKaLcsI=">AAAB5nicbZC7TgJBFIZn8YZ4W7W0GSEmEAjZ1UIbEqKNJSZySZYNmZ0dYMLM7GZmFrMSajsrja0voKU+C2/jrtAI/tWX851T/McLGVXasmZGZm19Y3Mru53b2d3bPzAPj1oqiCQmTRywQHY8pAijgjQ11Yx0QkkQ9xhpe6Ob1LfHRCoaiHsdh8TlaCBon2Kkk1HPPPWdsQtrsMupgMWHYlQZl2AZ+k7kVmDqSj2zYFWt38BVsBdQqOe75ZdZPW70zM+uH+CIE6ExQ0o5mo4eK14gfSJrF5y7E6WR8BELBJnmupEiIcIjNCATxJWKuTeFZxzpoVp26fA/50S6f+VOqAgjTQROVhLXjxjUAUw7Q59KgjWLE0BYUk0xxEMkEdbJZ3JJQXu5ziq0zqt2wndJ02swTxacgDwoAhtcgjq4BQ3QBBg8gQ/wBb6NofFsvBpv89WMsbg5Bn9ivP8A/PiMlQ==</latexit><latexit sha1_base64="epMoiE7K9Ei1zMs+tQ1LOKaLcsI=">AAAB5nicbZC7TgJBFIZn8YZ4W7W0GSEmEAjZ1UIbEqKNJSZySZYNmZ0dYMLM7GZmFrMSajsrja0voKU+C2/jrtAI/tWX851T/McLGVXasmZGZm19Y3Mru53b2d3bPzAPj1oqiCQmTRywQHY8pAijgjQ11Yx0QkkQ9xhpe6Ob1LfHRCoaiHsdh8TlaCBon2Kkk1HPPPWdsQtrsMupgMWHYlQZl2AZ+k7kVmDqSj2zYFWt38BVsBdQqOe75ZdZPW70zM+uH+CIE6ExQ0o5mo4eK14gfSJrF5y7E6WR8BELBJnmupEiIcIjNCATxJWKuTeFZxzpoVp26fA/50S6f+VOqAgjTQROVhLXjxjUAUw7Q59KgjWLE0BYUk0xxEMkEdbJZ3JJQXu5ziq0zqt2wndJ02swTxacgDwoAhtcgjq4BQ3QBBg8gQ/wBb6NofFsvBpv89WMsbg5Bn9ivP8A/PiMlQ==</latexit><latexit sha1_base64="zmgXZWmuKoNGidx9z7jI4F/0P24=">AAAB5nicbZC7TgJBFIZnvSLeVi1tRokJREJ2tdCGhGhjiYlckmVDZmcHmDCXzVwwSKjt7IytL6ClPotv467SCP7Vl/OdU/wnShjVxvO+nKXlldW19dxGfnNre2fX3dtvamkVJg0smVTtCGnCqCANQw0j7UQRxCNGWtHwOvOtEVGaSnFnxgkJOeoL2qMYmXTUdY/iYBTCKuxwKmDxvmjLoxI8hXFgwzLMXKnrFryK9xO4CP4MCmCWetd978QSW06EwQxpHRg6fChHUsVEVc85DyfaIBEjJgWZ5jtWkwThIeqTCeJaj3k0hSccmYGed9nwPxdY07sMJ1Qk1hCB05XU9SyDRsKsM4ypItiwcQoIK2oohniAFMIm/Uw+LejP11mE5lnFT/nWK9SuZlVz4BAcgyLwwQWogRtQBw2AwSN4Ax/g0xk4T86z8/K7uuTMbg7Anziv3086iYY=</latexit>

while (! done) {
u = min distance vertex {
for v in neighbors(u) {
if (d[u] + weight(u, v) < d[v]) {

d[v] = d[u] + weight(u,v);
}

}
}

<latexit sha1_base64="0iO/NUSMvP5NM2t3JPE0nrbas0I="></latexit><latexit sha1_base64="0iO/NUSMvP5NM2t3JPE0nrbas0I="></latexit><latexit sha1_base64="0iO/NUSMvP5NM2t3JPE0nrbas0I="></latexit><latexit sha1_base64="0iO/NUSMvP5NM2t3JPE0nrbas0I="></latexit>



Adjacency-List Algorithms, II
<latexit sha1_base64="zxEIn9c6ssSZHezyOH1oGBh1yHg="></latexit>

.BDFbi`�(G,w, s)

R 7Q` 2�+? p2`i2t u 2 V (G)
k d[u] 1
j ⇡[u] LAG
9 d[s] 0
8 Q V (G)
e r?BH2 Q 6= ?
d u 1ti`�+i@JBM(Q)
3 7Q` 2�+? v 2 Adj(G)[u]
N B7 d[v] > d[u] + w(u, v)

Ry d[v] d[u] + w(u, v)
RR ⇡[v] = u

Enumerate 
vertices

Vertices can 
random access 
into containers

Enumerate 
neighbor vertices

Compute properties from 
vertex pairs (aka “edge”)



Stored Property Graph

Neighbor 
index

Edge property

Edge 
properties
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4 L1 3 R3

5 R1
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0
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3
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L1
R1
R0
R2
AC
C1

R3
C0

GND
Vdd
n0
n1
n2
out

n0 n1
GNDVdd

n0 Vdd
n2 Vdd
GND n2
n2 Vout
GND n0
n2 n1

C1
AC
R2
R0
R1
L1
C0
R3

<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>

V
<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>

E



Index Property Graph

Neighbor 
index

Edge index
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<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>

V
<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>
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Generalizing Neighbor Access
<latexit sha1_base64="QbWjuXJNuCqBq03BFEAYlYucb8M="></latexit>

mbBM; #7bn;`�T? 4 p2+iQ`Ip2+iQ`IbBx2ni==c
mbBM; /DFn;`�T? 4 p2+iQ`Ip2+iQ`IimTH2IbBx2ni- /Qm#H2===c

#7bn;`�T? #7bn;c
/DFn;`�T? /DFn;c

#7bU#7bn;Vc

#7bU/DFn;Vc ff h?Bb b?QmH/ rQ`F



Generalizing Neighbor Access
• For BFS, inner range stored the neighbor vertex id
• E.g., 
• For property graph, inner range stored a tuple of the neighbor vertex 

id and the edge property
• E.g., 
• Use target() accessor to lift (unifying both cases)

Inner range stores 
neighbor vertex id

Inner range stores 
neighbor vertex id as 

tuple element

<latexit sha1_base64="Dtd5y9EzM8VqNNBOuWsuDx22yII="></latexit>p2+iQ`Ip2+iQ`IbBx2ni== <latexit sha1_base64="2qMVx+ZC+borf2zk3dEg+k8/1UE="></latexit>p2+iQ`Ip2+iQ`IimTH2IbBx2ni===

Inner range stores 
neighbor vertex id

Inner range has a target 
vertex

Requires: target()

Inner range stores 
neighbor vertex id as 

tuple element

<latexit sha1_base64="Dtd5y9EzM8VqNNBOuWsuDx22yII="></latexit>p2+iQ`Ip2+iQ`IbBx2ni== <latexit sha1_base64="2qMVx+ZC+borf2zk3dEg+k8/1UE="></latexit>p2+iQ`Ip2+iQ`IimTH2IbBx2ni===

<latexit sha1_base64="FX+NIeKUuJx4KqIgsKO91G2kEOc="></latexit>mbBM; ;`�T? 4 p2+iQ`Ip2+iQ`IbBx2ni==c

<latexit sha1_base64="bZn7dCByQC99uHGWXwhZSeGNt8o="></latexit>mbBM; ;`�T? 4 p2+iQ`Ip2+iQ`IimTH2IbBx2ni- bBx2ni===c



The adjacency_list_graph concept
<latexit sha1_base64="W0K7GVgeTFTuPP4ZK55YXOTNMmA="></latexit>

i2KTH�i2 IivT2M�K2 :=
mbBM; BMM2`n`�M;2 4 bi/,,`�M;2b,,`�M;2np�Hm2niI:=c

i2KTH�i2 IivT2M�K2 :=
mbBM; BMM2`np�Hm2 4 bi/,,`�M;2b,,`�M;2np�Hm2niIBMM2`n`�M;2I:==c

i2KTH�i2 IivT2M�K2 :=
+QM+2Ti ;`�T? 4 bi/,,b2KB`2;mH�`I:= �� `2[mB`2bU: ;V &

ivT2M�K2 p2`i2tnB/niI:=c
'c

i2KTH�i2 IivT2M�K2 :=
+QM+2Ti �/D�+2M+vnHBbin;`�T? 4 ;`�T?I:=

�� bi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2I:=
�� bi/,,`�M;2b,,7Q`r�`/n`�M;2IBMM2`n`�M;2I:==
�� `2[mB`2bU: ;- p2`i2tnB/niI:= m- BMM2`np�Hm2I:= 2V &
& ;(m) ' @= bi/,,+QMp2`iB#H2niQIBMM2`n`�M;2I:==c
& i�`;2iU;- 2V ' @= bi/,,+QMp2`iB#H2niQIbi/,,`�M;2b,,`�M;2n/B772`2M+2niI:==c

'c

target() is a 
customization-point 

object (CPO)

Type of vertex identifier 
(cannot be inferred)



Requirements: BFS Algorithm

<latexit sha1_base64="eGf8dxq8cDInrwwJ5Es7RnyufOw="></latexit>

• The graph : meets the requirements of the �/D�+2M+vnHBbin;`�T?
concept.

<latexit sha1_base64="Un5CWCgjRI3eXJzF3GQdfa7PE5c="></latexit>

i2KTH�i2 I�/D�+2M+vnHBbi :`�T?=
�miQ #7bU+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2Vc

Inner range stores 
neighbor vertex id

Inner range has a target 
vertex

Requires: target()

Inner range stores 
neighbor vertex id as 

tuple element

<latexit sha1_base64="Dtd5y9EzM8VqNNBOuWsuDx22yII="></latexit>p2+iQ`Ip2+iQ`IbBx2ni== <latexit sha1_base64="2qMVx+ZC+borf2zk3dEg+k8/1UE="></latexit>p2+iQ`Ip2+iQ`IimTH2IbBx2ni===



Examples of types modeling adjacency_list_graph
<latexit sha1_base64="rewZWC/7cIqSyGRWEANSnj9FIas="></latexit>

mbBM; :`�T? 4 bi/,,p2+iQ`Ip2+iQ`IBMi==c

i2KTH�i2 I+H�bb l=
�miQ i�;nBMpQF2U+QMbi i�`;2ini�;- +QMbi :`�T?� ;`�T?- +QMbi l� 2V &

`2im`M 2c
'

<latexit sha1_base64="hKe2Xtd161qYZgHtLZxFInx8ZrY="></latexit>

mbBM; :`�T? 4 bi/,,p2+iQ`Ip2+iQ`Ibi/,,imTH2IbBx2ni- bBx2ni===c

i2KTH�i2 IB+H�bb l=
�miQ i�;nBMpQF2U+QMbi i�`;2ini�;- +QMbi :`�T?� ;`�T?- +QMbi l� 2V &

`2im`M bi/,,;2iIy=U2Vc
'

<latexit sha1_base64="6u6BW6SmE5XNqNZb3HoCpLpvv8U="></latexit>

mbBM; :`�T? 4 Mr,,;`�T?,,+QKT`2bb2/nbT�`b2I/Qm#H2=c

i2KTH�i2 I+H�bb l=
�miQ i�;nBMpQF2U+QMbi i�`;2ini�;- +QMbi :`�T?� ;`�T?- +QMbi l� 2V &

`2im`M bi/,,;2iIy=U2Vc f BKTH2K2Mi�iBQM /27BM2/  f
'

Don’t need an 
actual container of 

containers



Minimalist Approach: Stored Property Graph
<latexit sha1_base64="aCb08bScau38rOUYnorovmt5h4M="></latexit>

i2KTH�i2 I�/D�+2M+vnHBbi :`�T?=
�miQ /BDFbi`�U+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2V &

mbBM; p2`i2tnB/nivT2 4 p2`i2tnB/niI:`�T?=c
mbBM; r2B;?inivT2 4 bi/,,imTH2n2H2K2MiniIR- BMM2`np�Hm2I:`�T?==c
mbBM; r2B;?i2/np2`i2t 4 bi/,,imTH2Ip2`i2tnB/nivT2- r2B;?inivT2=c

bi/,,p2+iQ`Ir2B;?inivT2= /Bbi�M+2UbBx2U;`�T?V- bi/,,MmK2`B+nHBKBibIr2B;?inivT2=,,K�tUVVc
/Bbi�M+2(bQm`+2) 4 yc

bi/,,T`BQ`Bivn[m2m2Ir2B;?i2/np2`i2t- bi/,,p2+iQ`Ir2B;?i2/np2`i2t=-
/2+HivT2U()U�miQ�� �- �miQ�� #V & `2im`M Ubi/,,;2iIR=U�V = bi/,,;2iIR=U#VVc 'V=

Zc
ZXTmb?U&bQm`+2- /Bbi�M+2(bQm`+2)'Vc

r?BH2 U5ZX2KTivUVV &
�miQ m 4 bi/,,;2iIy=UZXiQTUVVc
ZXTQTUVc

7Q` U�miQ�� 2 , ;`�T?(m)V &
�miQ p 4 i�`;2iU;`�T?- 2Vc ff M2B;?#Q` p2`i2t
�miQ r 4 bi/,,;2iIR=U2Vc ff 2/;2 r2B;?i
B7 U/Bbi�M+2(m) Y r I /Bbi�M+2(p)V & ff `2H�t

/Bbi�M+2(p) 4 /Bbi�M+2(m) Y rc
ZXTmb?U&p- /Bbi�M+2(p)'Vc

'
'

'
`2im`M /Bbi�M+2c

'

Property is stored 
on the edge

concept



Minimalist Approach: Index Property Graph
<latexit sha1_base64="W9Fn5trLOqL+1At7mFjyS6L0hXc="></latexit>

i2KTH�i2 I�/D�+2M+vnHBbi :`�T?- ivT2M�K2 q2B;?i_�M;2=
�miQ /BDFbi`�U+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2- +QMbi q2B;?i_�M;2� r2B;?ibV &

mbBM; p2`i2tnB/nivT2 4 p2`i2tnB/niI:`�T?=c
mbBM; r2B;?inivT2 4 bi/,,`�M;2b,,`�M;2np�Hm2niIq2B;?i_�M;2=c
mbBM; r2B;?i2/np2`i2t 4 bi/,,imTH2Ip2`i2tnB/nivT2- r2B;?inivT2=c

bi/,,p2+iQ`Ir2B;?inivT2= /Bbi�M+2UbBx2U;`�T?V- bi/,,MmK2`B+nHBKBibIr2B;?inivT2=,,K�tUVVc
/Bbi�M+2(bQm`+2) 4 yc

bi/,,T`BQ`Bivn[m2m2Ir2B;?i2/np2`i2t- bi/,,p2+iQ`Ir2B;?i2/np2`i2t=-
/2+HivT2U()U�miQ�� �- �miQ�� #V & `2im`M Ubi/,,;2iIR=U�V = bi/,,;2iIR=U#VVc 'V=

Zc
ZXTmb?U&bQm`+2- /Bbi�M+2(bQm`+2)'Vc

r?BH2 U5ZX2KTivUVV &
�miQ m 4 bi/,,;2iIy=UZXiQTUVVc ZXTQTUVc

7Q` U�miQ�� 2 , ;`�T?(m)V &
�miQ p 4 i�`;2iU2Vc ff M2B;?#Q` p2`i2t
�miQ F 4 bi/,,;2iIR=U2Vc ff BM/2t iQ 2/;2 r2B;?i
B7 U/Bbi�M+2(m) Y r2B;?ib(F) I /Bbi�M+2(p)V & ff `2H�t

/Bbi�M+2(p) 4 /Bbi�M+2(m) Y r2B;?ib(F)c
ZXTmb?U&p- /Bbi�M+2(p)'Vc

'
'

'
`2im`M /Bbi�M+2c

'

Index to property is 
stored on the edge



Lifted Dijkstra
<latexit sha1_base64="1FxNPVeH+YfM+vCrIOS7RCtnl6s="></latexit>

i2KTH�i2 I�/D�+2M+vnHBbin;`�T? :`�T?- +H�bb q2B;?i6mM+iBQM=
�miQ /BDFbi`�U+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2- q2B;?i6mM+iBQM r2B;?ibV &

mbBM; p2`i2tnB/nivT2 4 p2`i2tnB/niI:`�T?=c
mbBM; r2B;?inivT2 4 bi/,,BMpQF2n`2bmHiniIq2B;?i6mM+iBQM- BMM2`np�Hm2I:`�T?==c
mbBM; r2B;?i2/np2`i2t 4 bi/,,imTH2Ip2`i2tnB/nivT2- r2B;?inivT2=c

bi/,,p2+iQ`Ir2B;?inivT2= /Bbi�M+2UbBx2U;`�T?V- bi/,,MmK2`B+nHBKBibIr2B;?inivT2=,,K�tUVVc
/Bbi�M+2(bQm`+2) 4 yc

bi/,,T`BQ`Bivn[m2m2Ir2B;?i2/np2`i2t- bi/,,p2+iQ`Ir2B;?i2/np2`i2t=-
/2+HivT2U()U�miQ�� �- �miQ�� #V & `2im`M Ubi/,,;2iIR=U�V = bi/,,;2iIR=U#VVc 'V=

Zc
ZXTmb?U&bQm`+2- /Bbi�M+2(bQm`+2)'Vc

r?BH2 U5ZX2KTivUVV &
�miQ m 4 bi/,,;2iIy=UZXiQTUVVc
ZXTQTUVc

7Q` U�miQ�� 2 , ;`�T?(m)V &
�miQ p 4 i�`;2iU;`�T?- 2Vc ff M2B;?#Q` p2`i2t
B7 U/Bbi�M+2(m) Y r2B;?ibU2V I /Bbi�M+2(p)V & ff `2H�t

/Bbi�M+2(p) 4 /Bbi�M+2(m) Y r2B;?ibU2Vc
ZXTmb?U&p- /Bbi�M+2(p)'Vc

'
'

'
`2im`M /Bbi�M+2c

Property is 
computed with 

whatever is stored

A weights function 
is used to compute 
weight given edge



Example Weight Functions

<latexit sha1_base64="/XisH9Rhl7C4yyqWgADqOvC85CA="></latexit>

mbBM; 2/;2b 4 bi/,,p2+iQ`Ibi/,,imTH2IbBx2ni- bBx2ni- /Qm#H2==c
mbBM; ;`�T? 4 bi/,,p2+iQ`Ibi/,,HBbiIbi/,,imTH2IbBx2ni- /Qm#H2===c

�miQ 7 4 /BDFbi`�U
>- 8- ()U�miQ�� 2V& `2im`M bi/,,;2iIk=UQbT7n2/;2b(bi/,,;2iIR=U2V)Vc 'Vc

<latexit sha1_base64="iRB6NX9Hc28JOco/LSKiYNKk5h4="></latexit>

mbBM; ;`�T? 4 bi/,,p2+iQ`Ibi/,,HBbiIbi/,,imTH2IbBx2ni- /Qm#H2===c

�miQ 2 4 /BDFbi`�U:- 8lG- ()U�miQ�� 2V & `2im`M bi/,,;2iIR=U2Vc 'Vc

Lookup property 
from table

Lookup stored 
property



Lifted Dijkstra

Inner range 
value_type is a 

vertex_id

Inner range has a 
target vertex

Requires: target()

Inner range 
value_type is a 

tuple

Inner range 
property is stored 
by value as tuple 

element

Traverse inner 
container with 
neighbors and 

properties

Inner range 
property is stored 
by index as tuple 

element

Inner range has 
properties

Requires: weight()



Requirements: Dijkstra Algorithm

<latexit sha1_base64="o+Ra0f0rYEZEN8QjOHK6ZSOLMbE="></latexit>

• :`�T?mustmeet the requirements of the �/D�+2M+vnHBbin;`�T? concept.
• q2B;?i6mM+iBQM must meet the requirements of the BMpQ+�#H2 concept.
• r2B;?i is a function that maps from the value type of :(m) to a type that can

be summed and compared.

<latexit sha1_base64="dqbq24mNVDNcodLT/3xnGGyw70M="></latexit>

i2KTH�i2 I�/D�+2M+vnHBbin;`�T? :`�T?- +H�bb q2B;?i6mM+iBQM=
�miQ /BDFbi`�U+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2- q2B;?i6mM+iBQM r2B;?ibVc



Other Concepts
<latexit sha1_base64="fDbFUPXK10Iw8lRHWQhAhmX9uhU="></latexit>

i2KTH�i2 IivT2M�K2 :=
+QM+2Ti /2;`22n2MmK2`�#H2n;`�T? 4 �/D�+2M+vnHBbin;`�T?I:=

�� `2[mB`2b U: ;- p2`i2tnB/niI:= mV &
& /2;`22U;(m)V ' @= bi/,,+QMp2`iB#H2niQIbi/,,`�M;2b,,`�M;2n/B772`2M+2niI:==c

'c
<latexit sha1_base64="eFPwdcWf5lB3r5lRZqPjwUzHFL8="></latexit>

i2KTH�i2 IivT2M�K2 :=
+QM+2Ti 2/;2nHBbin;`�T? 4 ;`�T?I:=

�� `2[mB`2b U: ;- bi/,,`�M;2b,,`�M;2np�Hm2niI:= 2V &
& bQm`+2U;- 2V ' @= bi/,,+QMp2`iB#H2niQIp2`i2tnB/niI:==c
& i�`;2iU;- 2V ' @= bi/,,+QMp2`iB#H2niQIp2`i2tnB/niI:==c

'c

graphadjacency_list

edge_listdegree_enumerable



Where Formal Lifting Still Needed
• Range adaptors
• Graph construction
• Mutable graph algorithms
• Dynamic graph algorithms
• Streaming graph algorithms

Again, lift algorithms



Range Adaptors
• Some graph “algorithms” are really traversal patterns (BFS, DFS)
• Patterns used in different ways
• Adapted in BGL with “visitors”
• Range adaptors instead present (forward) range of vertices or edges 

in order the algorithm traverses them



BFS is a Traversal Pattern, Not an Algorithm
<latexit sha1_base64="crGIiR7NovP5Dd00I/+W5FRJGLA="></latexit>

i2KTH�i2 I+H�bb :`�T?=
�miQ #7bU+QMbi :`�T?� ;`�T?- p2`i2tnB/niI:`�T?= bQm`+2V &

mbBM; p2`i2tnB/nivT2 4 p2`i2tnB/niI:`�T?=c

bi/,,p2+iQ`I*PGP_= +QHQ`UbBx2U;`�T?VVc
7Q` Up2`i2tnB/nivT2 m 4 yc m I bBx2U;`�T?Vc YYmV &

+QHQ`(m) 4 q>Ah1c
'
+QHQ`(bQm`+2) 4 :_1uc

bi/,,[m2m2Ip2`i2tnB/nivT2= Zc
ZXTmb?UbQm`+2Vc

r?BH2 U5ZX2KTivUVV &
�miQ m 4 ZX7`QMiUVc
ZXTQTUVc
7Q` U�miQ�� 2 , ;`�T?(m)V &

�miQ p 4 i�`;2iU;`�T?- 2Vc ff M2B;?#Q` p2`i2t
B7 U+QHQ`(p) 44 q>Ah1V &

+QHQ`(p) 44 :_1uc
ZXTmb?UpVc

'
'
+QHQ`(m) 4 "G�*Ec

'
'

This “algorithm” 
doesn’t do anything

Might want to 
compute depth

Might want to compute 
predecessors (paths)

Might want to compute 
something else



Range Adaptors 50

1

2

3

4

5

7

0

1

4

2

9

Index Adjacency List 

6 7 1

8

7 6 0

8 4

9 4

10 7

11 2

6

10 0 5

11

2

1

9

8

1

3

Tom Cruise
Kevin Bacon

Hugo Weaving
Cary Anne Moss
Natalie Portman
Jack Nicholson
Kelly McGillis
Harrison Ford

Sebastian Stan
Mila Kunis

Michelle Pfeiffer

Actors

Keanu Reeves

<latexit sha1_base64="EofLlZrBd+FzHCBqfYl5sWIahCw="></latexit>

bi/,,p2+iQ`Ibi/,,p2+iQ`IBMi== +Qbi�`b &
& R- 8- e '-
& d- Ry- y- 8 '-
& 9 '-
& k- RR '-
& 3- N- k '-
& y- R '-
& d- R '-
& e- y '-
& 9- N '-
& 9- 3 '-
& d- R '-
& k- j ' 'c

bi/,,p2+iQ`IBMi= #�+QMnMmK#2`UbBx2U�+iQ`bVVc
7Q` U�miQ�� (m- p) , #7bn2/;2n`�M;2U+Qbi�`b- RVV &

#�+QMnMmK#2`(p) 4 #�+QMnMmK#2`(m) Y Rc
'

7Q` UBMi B 4 yc B I bBx2U�+iQ`bVc YYBV &
bi/,,+Qmi II �+iQ`b(B) II ] ?�b "�+QM MmK#2` ] II #�+QMnMmK#2`(B) II bi/,,2M/c

'



Stored Property Graph

Neighbor 
index

Edge property

Edge 
properties

1
2
3
4
5

0 1
2
0

C0
R2

2 R0

AC
3 C1

4 L1 3 R3

5 R1

4
5
2
2
0
3

5
0
5
1
2
1

5
0

3
1

L1
R1
R0
R2
AC
C1

R3
C0

GND
Vdd
n0
n1
n2
out

n0 n1
GNDVdd

n0 Vdd
n2 Vdd
GND n2
n2 Vout
GND n0
n2 n1

C1
AC
R2
R0
R1
L1
C0
R3

<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>

V
<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>

E



Index Property Graph

Neighbor 
index

Edge index

1
2
3
4
5

0 1
2
0

6
2

2 3

1
3 0

4 5 3 7

5 4

Edge indices

GND
Vdd
n0
n1
n2
out

n0 n1
GNDVdd

n0 Vdd
n2 Vdd
GND n2
n2 Vout
GND n0
n2 n1

C1
AC
R2
R0
R1
L1
C0
R3

<latexit sha1_base64="544S1as8i7eafJHWQgCixVBmyHE="></latexit>

V
<latexit sha1_base64="+Cwe057pvhX2ALgAkFfGQNBNcig="></latexit>

E

4
5
2
2
0
3

5
0
5
1
2
1

5
0

3
1

5
4
3
2
1
0

7
6



<latexit sha1_base64="OJPmIjlJrtO5YyAJmM+EP7tzKl8="></latexit>

�miQ : 4 K�F2nT`QT2`ivn;`�T?UQbT7np2`iB+2b- QbT7n2/;2b- i`m2Vc

Graph Construction (Library Functions)
<latexit sha1_base64="QZjBhHxJ1BQni8oDqGj6yANdlCU="></latexit>

i2KTH�i2 I+H�bb AM/2t:`�T? 4 bi/,,p2+iQ`Ibi/,,p2+iQ`IbBx2ni==-
bi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2 o- bi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2 1=

�miQ K�F2nTH�BMn;`�T?U+QMbi o� p2`iB+2b- +QMbi 1� 2/;2b- #QQH /B`2+i2/ 4 i`m2- bBx2ni B/t 4 yVc

i2KTH�i2 Ibi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2 o- bi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2 1-
�/D�+2M+vnHBbi :`�T? 4 bi/,,p2+iQ`Ibi/,,p2+iQ`Ibi/,,imTH2IbBx2ni- bBx2ni====

�miQ K�F2nBM/2tn;`�T?U+QMbi o� p2`iB+2b- +QMbi 1� 2/;2b- #QQH /B`2+i2/ 4 i`m2- bBx2ni B/t 4 yVc

i2KTH�i2 Ibi/,,`�M;2b,,`�M/QKn�++2bbn`�M;2 o- bi/,,`�M;2b,,7Q`r�`/n`�M;2 1-
�/D�+2M+vnHBbi :`�T? 4 bi/,,p2+iQ`Ibi/,,p2+iQ`I

/2+HivT2Ubi/,,imTH2n+�iUbi/,,K�F2nimTH2UbBx2ni&'V- T`QTbU U#2;BMU1&'VVVVV===
�miQ K�F2nT`QT2`ivn;`�T?U+QMbi o� p2`iB+2b- +QMbi 1� 2/;2b- #QQH /B`2+i2/ 4 i`m2- bBx2ni B/t 4 yVc

<latexit sha1_base64="gxIaznSe0/8RaVslOK4/wlXCj38="></latexit>

bi/,,p2+iQ`Ibi/,,bi`BM;=
QbT7np2`iB+2b &
]_hR]-
]_hk]-
]_hj]-
]_h9]-
]_h8]-
]_he]-
]_hd]-
]_h3]-
]_hN]-
]_hRy]-
]_hRR]-
]_hRk]-
]LR]-
]Lk]-
]Lj]-
]L9]-
]Le]-
]Ld]-
]L3]-
]LN]-
]LRy]-
]LRR]-
]LRk]-

]LRj]-
]LR9]-
]LR8]-
]>R]-

'c

<latexit sha1_base64="AAqkU44wMmy2GuEMaSsHyKNxMNc="></latexit>

bi/,,p2+iQ`Ibi/,,imTH2I
bi/,,bi`BM;- bi/,,bi`BM;-
bBx2ni== QbT7n2/;2b &
&]_hR]- ]LR]- j'-
&]_hR]- ]Lj]- R'-
&]_hk]- ]Lk]- j'-
&]_hk]- ]Lj]- R'-
&]_hj]- ]_he]- 3'-
&]_hj]- ]Lj]- R'-
&]_hj]- ]L9]- k'-
&]_h9]- ]Lj]- R'-
&]_h9]- ]_h8]- 3'-
&]_h8]- ]_h9]- 3'-
&]_h8]- ]_he]- d'-
&]_h8]- ]_hd]- e'-
&]_h8]- ]LRk]- 3'-
&]_h8]- ]LRj]- 3'-
&]_h8]- ]LR9]- 3'-
&]_he]- ]_hj]- e'-
&]_he]- ]_h8]- e'-
&]_he]- ]_hRy]- d'-
&]_hd]- ]_h8]- e'-
&]_hd]- ]Le]- R'-
&]_hd]- ]LRk]- k'-
&]_hd]- ]LR8]- N'-
&]_h3]- ]Le]- R'-
&]_h3]- ]Ld]- 9'-
&]_hN]- ]LN]- R'-
&]_hN]- ]LRR]- j'-
&]_hRy]- ]_he]- 8'-
&]_hRy]- ]Le]- R'-
&]_hRy]- ]L3]- j'-
&]_hRR]- ]L3]- k'-
&]_hRR]- ]LN]- R'-
&]_hRk]- ]LN]- R'-
&]_hRk]- ]LRy]- k'-
&]_hRk]- ]>R]- Ry'-
&]Lj]- ]_hR]- y'-
&]Lj]- ]_hk]- y'-
&]Lj]- ]_hj]- y'-
&]Lj]- ]_h9]- y'-
&]Le]- ]_hd]- y'-
&]Le]- ]_h3]- y'-
&]Le]- ]_hRy]- y'-
&]L3]- ]_hRy]- y'-
&]L3]- ]_hRR]- y'-
&]LN]- ]_hN]- y'-
&]LN]- ]_hRR]- y'-
&]LN]- ]_hRk]- y'-
'c



Compressed Graph Type
• (Ala compressed sparse row matrix)
• Not a composition of containers, but has “range of ranges” interface
• Highly efficient

SEA
MSP
SLC
DTW
ATL
BOS

MSP DTW
SEASLC

MSP SLC
BOS SLC
SEA BOS
BOS ATL
SEA MSP
BOS DTW

V E

850
1357
1981
3835
4016
1523
2704
1191

0 1

0 5

1 2

1 3
2 0

5 2

5 4

5 3
6

4

2

0
1

3

5

7

Index edge list 0 1
52
2
3

4

0
5 2

4
3

1
2
3
4
5

0

5
5

8 5

1

2

6
4

0

3

7

Compressed

1
2
3
4
5

0 1,6

2,2

0,1

5,4

3,0

2,3 4,5 3,7

Storage Representing

<latexit sha1_base64="ksA86liCV+YiWpbXqJIKxcIuNFE="></latexit>i2KTH�i2 IBMi B/t- bi/,,mMbB;M2/nBMi2;`�H 2/;2nB/t- bi/,,mMbB;M2/nBMi2;`�H p2`i2tnB/t-
ivT2M�K2XXX �ii`B#mi2b=

+H�bb BM/2tn�/D�+2M+vc

Index



Six Degrees of Kevin Bacon
• The co-starring relationships between actors forms a graph
• A BFS of that graph gives each actor a “Bacon number”
• Unfortunately, the co-star graph doesn’t actually exist
• IMDB:

• Movies table
• Actors table
• Movies-Actor table



Anti-Pattern
<latexit sha1_base64="UAkeIP+7ip2W5wKN+FnBXaaE23o="></latexit>

bi/,,p2+iQ`Ibi/,,p2+iQ`IBMi== +Qbi�`b &
& R- 8- e '-
& d- Ry- y- 8- Rk '-
& 9- j- RR '-
& k- RR '-
& 3- N- k- Rk '-
& y- R '-
& d- y '-
& e- R- Ry '-
& 9- N '-
& 9- 3 '-
& d- R '-
& k- j '-
& R- 9 '

'c

BMi K�BMUV &

bi/,,p2+iQ`IBMi= #�+QMnMmK#2`UbBx2U�+iQ`bVVc

7Q` U�miQ�� (m- p) , #7bn2/;2n`�M;2U+Qbi�`b- RVV &
#�+QMnMmK#2`(p) 4 #�+QMnMmK#2`(m) Y Rc

'

7Q` UBMi B 4 yc B I bBx2U�+iQ`bVc YYBV &
bi/,,+Qmi II �+iQ`b(B) II ] ?�b "�+QM MmK#2` ] II #�+QMnMmK#2`(B) II bi/,,2M/Hc

'

`2im`M yc
'



Bipartite Graphs
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Bipartite Graphs
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Six Degrees of Kevin Bacon (IMDB version)
<latexit sha1_base64="IcjEgrVyPGWpfdBayx8DXh0z570="></latexit>

OBM+Hm/2 ]BK/#@;`�T?X?TT]

�miQ�� (:- >) 4 K�F2nTH�BMn#BT�`iBi2n;`�T?bI=UKQpB2b- �+iQ`b- KQpB2bn�+iQ`bVc

�miQ G 4 DQBMU:- >Vc
�miQ J 4 DQBMU>- :Vc

bBx2ni F2pBMn#�+QM 4 Rc
bi/,,p2+iQ`IbBx2ni= /Bbi�M+2UGXbBx2UVVc
bi/,,p2+iQ`IbBx2ni= T�`2MibUGXbBx2UVVc
bi/,,p2+iQ`IbBx2ni= iQ;2i?2`nBMUGXbBx2UVVc

7Q` U�miQ�� (m- p- F) , #7bn2/;2n`�M;2UG- F2pBMn#�+QMVV &
/Bbi�M+2(p) 4 /Bbi�M+2(m) Y Rc
T�`2Mib(p) 4 mc
iQ;2i?2`nBM(p) 4 Fc

'

Tables (vectors 
of strings)

<latexit sha1_base64="mbH/xxd3hYCw/SdqSUuJ8SNxa6Y="></latexit>

bi/,,p2+iQ`Ibi/,,bi`BM;= �+iQ`b&
]hQK *`mBb2]-
]E2pBM "�+QM]-
]>m;Q q2�pBM;]-
]*�``B2@�MM2 JQbb]-
]L�i�HB2 SQ`iK�M]-
]C�+F LB+?QHbQM]-
]E2HHv J+:BHHBb]-
]>�``BbQM 6Q`/]-
]a2#�biB�M ai�M]-
]JBH� EmMBb]-
]JB+?2HH2 S72B772`]-
]E2�Mm _22p2b]-
]CmHB� _Q#2`ib]-

'c

<latexit sha1_base64="6AEZXTomvkJHRdAnkLn10NGGfhM="></latexit>

bi/,,p2+iQ`Ibi/,,bi`BM;= KQpB2b&
]� 62r :QQ/ J2M]-
]hQT :mM]-
]"H�+F ar�M]-
]o 7Q` o2M/2ii�]-
]h?2 J�i`Bt]-
]qBiM2bb]-
]q?�i GB2b "2M2�i?]-
]*HQb2`]-
]6H�iHBM2`b]-

'c

<latexit sha1_base64="YGNPh2x1v5efChpeHSeHdsWRRRs="></latexit>

bi/,,p2+iQ`Ibi/,,imTH2Ibi/,,bi`BM;- bi/,,bi`BM;==
KQpB2bn�+iQ`b&

&]� 62r :QQ/ J2M]- ]hQK *`mBb2]'-
&]� 62r :QQ/ J2M]- ]E2pBM "�+QM]'-
&]� 62r :QQ/ J2M]- ]C�+F LB+?QHbQM]'-
&]q?�i GB2b "2M2�i?]- ]>�``BbQM 6Q`/]'-
&]q?�i GB2b "2M2�i?]- ]E2pBM "�+QM]'-
&]hQT :mM]- ]hQK *`mBb2]'-
&]hQT :mM]- ]E2HHv J+:BHHBb]'-
&]qBiM2bb]- ]>�``BbQM 6Q`/]'-
&]qBiM2bb]- ]E2HHv J+:BHHBb]'-
&]"H�+F ar�M]- ]a2#�biB�M ai�M]'-
&]"H�+F ar�M]- ]L�i�HB2 SQ`iK�M]'-
&]"H�+F ar�M]- ]JBH� EmMBb]'-
&]o 7Q` o2M/2ii�]- ]>m;Q q2�pBM;]'-
&]o 7Q` o2M/2ii�]- ]L�i�HB2 SQ`iK�M]'-
&]h?2 J�i`Bt]- ]*�``B2@�MM2 JQbb]'-
&]h?2 J�i`Bt]- ]E2�Mm _22p2b]'-
&]h?2 J�i`Bt]- ]>m;Q q2�pBM;]'-
&]q?�i GB2b "2M2�i?]- ]JB+?2HH2 S72B772`]'-
&]*HQb2`]- ]L�i�HB2 SQ`iK�M]'-
&]*HQb2`]- ]CmHB� _Q#2`ib]'-
&]6H�iHBM2`b]- ]E2pBM "�+QM]'-
&]6H�iHBM2`b]- ]CmHB� _Q#2`ib]'-

'c



Six Degrees of Kevin Bacon
<latexit sha1_base64="BCD3lKsKZCAQZO8pWDI1kgrLK7U="></latexit>

ff Ai2`�i2 i?`Qm;? �HH �+iQ`b UQi?2` i?�M E2pBM "�+QMV
7Q` UbBx2ni B 4 yc B I �+iQ`bXbBx2UVc YYB V &

B7 UB 54 F2pBMn#�+QMV &
�miQ #�+QMnMmK#2` 4 /Bbi�M+2(B)c
bi/,,+Qmi II �+iQ`b(B) II ] ?�b � #�+QM MmK#2` Q7 ] II /Bbi�M+2(B) II bi/,,2M/Hc

�miQ F 4 Bc
bBx2ni / 4 /Bbi�M+2(F)c
r?BH2 UF 54 F2pBMn#�+QMV &

bi/,,+Qmi II ] ] II �+iQ`b(F) II ] bi�``2/ rBi? ] II �+iQ`b(T�`2Mib(F)) II ] BM ]
II KQpB2b(iQ;2i?2`nBM(F)) II bi/,,2M/Hc

F 4 T�`2Mib(F)c
B7 U/@@ 44 yV &

#`2�Fc
'

'
bi/,,+Qmi II bi/,,2M/Hc

'
'



For Those Interested to Know
<latexit sha1_base64="/co/VWwDxElZc550zIHNjLP7vdM="></latexit>

E2pBM "�+QM ?�b � #�+QM MmK#2` Q7 y

hQK *`mBb2 ?�b � #�+QM MmK#2` Q7 R
hQK *`mBb2 bi�``2/ rBi? E2pBM "�+QM BM � 62r :QQ/ J2M

>m;Q q2�pBM; ?�b � #�+QM MmK#2` Q7 j
>m;Q q2�pBM; bi�``2/ rBi? L�i�HB2 SQ`iK�M BM o 7Q` o2M/2ii�
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

*�``B2@�MM2 JQbb ?�b � #�+QM MmK#2` Q7 9
*�``B2@�MM2 JQbb bi�``2/ rBi? >m;Q q2�pBM; BM h?2 J�i`Bt
>m;Q q2�pBM; bi�``2/ rBi? L�i�HB2 SQ`iK�M BM o 7Q` o2M/2ii�
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

L�i�HB2 SQ`iK�M ?�b � #�+QM MmK#2` Q7 k
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

C�+F LB+?QHbQM ?�b � #�+QM MmK#2` Q7 R
C�+F LB+?QHbQM bi�``2/ rBi? E2pBM "�+QM BM � 62r :QQ/ J2M

E2HHv J+:BHHBb ?�b � #�+QM MmK#2` Q7 k
E2HHv J+:BHHBb bi�``2/ rBi? hQK *`mBb2 BM hQT :mM
hQK *`mBb2 bi�``2/ rBi? E2pBM "�+QM BM � 62r :QQ/ J2M

<latexit sha1_base64="VCDw8txogRKCeL+7TrZMa80D1mA="></latexit>

>�``BbQM 6Q`/ ?�b � #�+QM MmK#2` Q7 R
>�``BbQM 6Q`/ bi�``2/ rBi? E2pBM "�+QM BM q?�i GB2b "2M2�i?

a2#�biB�M ai�M ?�b � #�+QM MmK#2` Q7 j
a2#�biB�M ai�M bi�``2/ rBi? L�i�HB2 SQ`iK�M BM "H�+F ar�M
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

JBH� EmMBb ?�b � #�+QM MmK#2` Q7 j
JBH� EmMBb bi�``2/ rBi? L�i�HB2 SQ`iK�M BM "H�+F ar�M
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

JB+?2HH2 S72B772` ?�b � #�+QM MmK#2` Q7 R
JB+?2HH2 S72B772` bi�``2/ rBi? E2pBM "�+QM BM q?�i GB2b "2M2�i?

E2�Mm _22p2b ?�b � #�+QM MmK#2` Q7 9
E2�Mm _22p2b bi�``2/ rBi? >m;Q q2�pBM; BM h?2 J�i`Bt
>m;Q q2�pBM; bi�``2/ rBi? L�i�HB2 SQ`iK�M BM o 7Q` o2M/2ii�
L�i�HB2 SQ`iK�M bi�``2/ rBi? CmHB� _Q#2`ib BM *HQb2`
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b

CmHB� _Q#2`ib ?�b � #�+QM MmK#2` Q7 R
CmHB� _Q#2`ib bi�``2/ rBi? E2pBM "�+QM BM 6H�iHBM2`b



Boost Graph Library
Algorithm BGL Input Requirement on Graph Concept Other Requirements
BC clustering Vertex List Graph and Incidence Graph (and Edge List Graph and Mutable Graph)
bellman ford Edge List Graph (and Vertex List Graph) directed or undirected
bfs Vertex List Graph and Incidence Graph directed or undirected
bicc Vertex List Graph and Incidence Graph undirected
BK Max Flow Vertex List Graph and Incidence Graph and Edge List Graph directed
Brandes BC Vertex List Graph and Incidence Graph
CC Vertex List Graph and Incidence Graph undirected
cuthill mckee Incidence Graph undirected

delta stepping Vertex List Graph and Incidence Graph
directed or undirected, 
weighted

dfs Vertex List Graph and Incidence Graph directed

dijkstra Vertex List Graph and Incidence Graph
directed or undirected, 
weighted

dominator tree Vertex List Graph and Bidirectional Graph directed (?)
EK Max Flow Vertex List Graph and Incidence Graph directed
floyd warshall Vertex List Graph (and Vertex And Edge List Graph) directed or undirected
johnson all pairs Vertex List Graphand Incidence graph and Edge List Graph directed or undirected
Kruskal Vertex List Graph and Edge List Graph undirected
max card matching Vertex And Edge List Graph and Incidence Graph undirected
max weighted matching Vertex And Edge List Graph and Incidence Graph undirected
min degree ordering Vertex List Graph and Incidence Graph and Adjacency Graph and Mutable Graph directed
page rank Vertex List Graph and Incidence Graph directed
PR Max Flow Vertex List Graph directed
Prim Vertex List Graph and Incidence Graph undirected
RCM Incidence Graph undirected
SCC Vertex List Graph and Incidence Graph directed
stoer wagner min cut Vertex List Graph and Incidence Graph undirected
topological sort Vertex List Graph and Incidence Graph dag
transitive closure Vertex List Graph and Adjacency Graph and Adjacency Matrix directed
triangle counting Vertex List Graph and Incidence Graph undirected



Boost Graph Library
• The BGL concepts were derived with same generic programming 

process
• Our concepts cover the same space
• But has streamlined concepts (rather than Swiss Army Knife)

BGL Concept Purpose Functions Other
Adjacency Graph Iterate neighbors of vertex adjacent_vertices(v, g)
Adjacency Matrix Random access to edge edge(u, v, g)
BiDirectional Graph Iterate over in edges in_edges(u, g) in_degree(u, g)
Edge List Graph Iterate all edges in graph edges(g), num_edges(g) source(e, g), target(e, g)
Incidence Graph Access neighbors of vertex, including edges out_edges(u, g) out_degree(u, g) source(e, g), target(e, g)
Vertex And Edge List Graph Refines Vertex List Graph and Edge List Graph
Vertex List Graph Iterate all vertices in graph vertices(g), num_vertices(g)

VertexAndEdgeListGraph

AdacencyMatrix

IncidenceGraphBidirectionalGraph

EdgeListGraph
Graph

AdjacencyGraphVertexListGraph



Proposal for Standard Graph Library: P1907r3
• P1709r3d: Graph Library

• Phil Ratzloff (primary contact), et al

• Currently in SG19 working group
• Hope to standardize for C++23
• If you are interested, participate!



Graph BLAS
• Generalized linear algebra operations based on correspondence 

between graphs and sparse matrices
• Generalized sparse matrix by vector product
• Generalized sparse matrix by sparse matrix product
• Element-wise operations
• Masking



Sparse Matrix-Matrix Product

• Implementation, requirements TBD.
• (cf. “GraphBLAS: Building a C++ Matrix API for Graph Algorithms”)

<latexit sha1_base64="zAxJiUb1txEpr9ESA0Wndq4cxZE="></latexit>

Ii2KTH�i2 +H�bb aT�`b2J�i`BtR- +H�bb aT�`b2J�i`Btk-
+H�bb aT�`b2J�i`Btj- +H�bb aT�`b2J�i`Bt9-
+H�bb lM�`v6mM+iBQMR- +H�bb lM�`v6mM+iBQMk-
+H�bb "BM�`v6mM+iBQMR- +H�bb "BM�`v6mM+iBQMk=

pQB/ KtK U+QMbi aT�`b2J�i`BtR ��- +QMbi aT�`b2J�i`Btk �"-
+QMbi aT�`b2J�i`Btj �J- aT�`b2J�i`Bt9 �*-
lM�`v6mM+iBQMR BMBiB�HBx2- lM�`v6mM+iBQMk K2`;2-
"BM�`v6mM+iBQMR +QK#BM2- "BM�`v6mM+iBQMk `2/m+2Vc



Sparse Matrix-Matrix Product
<latexit sha1_base64="LIv5HtDCEuBmGjZU9Wlw4NfE6ps="></latexit>

Ii2KTH�i2 +H�bb aT�`b2J�i`BtR- +H�bb o2+iQ`R-
+H�bb o2+iQ`k- +H�bb o2+iQ`j-
+H�bb lM�`v6mM+iBQMR- +H�bb lM�`v6mM+iBQMk-
+H�bb "BM�`v6mM+iBQMR- +H�bb "BM�`v6mM+iBQMk=

pQB/ Ktp U+QMbi aT�`b2J�i`BtR ��- +QMbi o2+iQ`R �"-
+QMbi o2+iQ`k �J- o2+iQ`j �*-
lM�`v6mM+iBQMR BMBiB�HBx2- lM�`v6mM+iBQMk K2`;2-
"BM�`v6mM+iBQMR +QK#BM2- "BM�`v6mM+iBQMk `2/m+2Vc



Abstraction Penalty Measurements
• Compare different traversals of graph (sparse matrix-vector product)

<latexit sha1_base64="NjJDvgqizvJC7kjjW2fTrK+Utfk="></latexit>

7Q`Up2`i2tnB/ni B 4 yc B I Lc YYBV &
7Q`U�miQ D 4 Ti`(B)c D I Ti`(B Y R)c YYDV &

v(B) Y4 t(B/t(D))  /�i(D)c ''

<latexit sha1_base64="L3TyxvvxG1LDD/uOgnhR6a/OcfQ="></latexit>

p2`i2tnB/ni F 4 yc
7Q` U�miQ�� B , :V &

7Q` U�miQ�� (D- p) , BV &
v(F) Y4 t(D)  pc '

YYFc '

<latexit sha1_base64="PP0g+3YFWxVnt5HkGyEK64PRZeg="></latexit>

p2`i2tnB/ni F 4 yc
7Q` U�miQ B 4 :X#2;BMUVc B 54 :X2M/UVc YYBV &

7Q` U�miQ D 4 U BVX#2;BMUVc D 54 U BVX2M/UVc YYDV &
v(F) Y4 t(;2iIy=U DV)  ;2iIR=U DVc '

YYFc '

Raw, c-like

Iterator

Range-based



Abstraction Penalty
• Continued…

<latexit sha1_base64="hP4lEr5xP1GCqps9upGWMTCv/r4="></latexit>

�miQ T2` 4 K�F2n2/;2n`�M;2Iy=U;`�T?Vc
7Q` U�miQ�� D , T2`V &
v(bi/,,;2iIy=UDV) Y4 t(bi/,,;2iIR=UDV)  bi/,,;2iIk=UDVc '

<latexit sha1_base64="qsAywOBaYRyBCCbXtGgF5bzaw5s="></latexit>

�miQ T2` 4 K�F2n2/;2n`�M;2Iy=U;`�T?Vc
bi/,,7Q`n2�+?UT2`X#2;BMUV- T2`X2M/UV- (�)U�miQ�� DV &
v(bi/,,;2iIy=UDV) Y4 t(bi/,,;2iIR=UDV)  bi/,,;2iIk=UDVc 'Vc



Abstraction penalty
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Abstraction Penalty
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Performance Comparisons
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Performance Comparisons
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Lessons Learned
• The standard library is sufficient for (sequential) graph algorithms
• A graph is a random-access range of forward ranges
• (More capabilities are needed to support parallel graph algorithms, 

e.g., concurrent containers, more control over parallel partitioning)
• Ranges + concepts = synergy



To Find Out More
• Gather Town directly after this talk
• https://github.com/lums658/cppcon21

• All code from these slides (and more)

• P1907R3d
• Proposed std::graph
• NWGraph pre-print (upon request)
• NWGraph (release imminent)
• andrew.lumsdaine@tiledb.com
• phil.ratzloff@sas.com

https://github.com/lums658/cppcon21
mailto:andrew.lumsdaine@tiledb.com
mailto:phil.ratzloff@sas.com
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